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Abstract

Recent work by Nesterov and Stich (2016)
showed that momentum can be used to accel-
erate the rate of convergence for block Gauss-
Seidel in the setting where a fixed partition-
ing of the coordinates is chosen ahead of time.
We show that this setting is too restrictive, con-
structing instances where breaking locality by
running non-accelerated Gauss-Seidel with ran-
domly sampled coordinates substantially outper-
forms accelerated Gauss-Seidel with any fixed
partitioning. Motivated by this finding, we an-
alyze the accelerated block Gauss-Seidel algo-
rithm in the random coordinate sampling set-
ting. Our analysis captures the benefit of ac-
celeration with a new data-dependent parame-
ter which is well behaved when the matrix sub-
blocks are well-conditioned. Empirically, we
show that accelerated Gauss-Seidel with random
coordinate sampling provides speedups for large
scale machine learning tasks when compared to
non-accelerated Gauss-Seidel and the classical
conjugate-gradient algorithm.

1. Introduction

The randomized Gauss-Seidel method is a commonly used
iterative algorithm to compute the solution of an n X n lin-
ear system Ax = b by updating a single coordinate at a
time in a randomized order. While this approach is known
to converge linearly to the true solution when A is positive
definite (see e.g. (Leventhal & Lewis, 2010)), in practice
it is often more efficient to update a small block of coordi-
nates at a time due to the effects of cache locality.

In extending randomized Gauss-Seidel to the block setting,
a natural question that arises is how one should sample the
next block. At one extreme a fixed partition of the coordi-
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nates is chosen ahead of time. The algorithm is restricted
to randomly selecting blocks from this fixed partitioning,
thus favoring data locality. At the other extreme we break
locality by sampling a new set of random coordinates to
form a block at every iteration.

Theoretically, the fixed partition case is well understood
both for Gauss-Seidel (Qu et al., 2015; Gower & Richtarik,
2015) and its Nesterov accelerated variant (Nesterov &
Stich, 2016). More specifically, at most O(u;&lrt log(1/¢))
iterations of Gauss-Seidel are sufficient to reach a solution
with at most € error, where fipar¢ i @ quantity which mea-
sures how well the A matrix is preconditioned by the block
diagonal matrix containing the sub-blocks corresponding
to the fixed partitioning. When acceleration is used, Nes-
terov and Stich (2016) show that the rate improves to

O <, / %,u;alrt log(l/s)), where p is the partition size.

For the random coordinate selection model, the existing
literature is less complete. While it is known (Qu et al.,
2015; Gower & Richtérik, 2015) that the iteration complex-
ity with random coordinate section is O(u_,! ;log(1/¢))
for an ¢ error solution, u;anq 1S another instance dependent
quantity which is not directly comparable to pp,,i. Hence
it is not obvious how much better, if at all, one expects
random coordinate selection to perform compared to fixed
partitioning.

Our first contribution in this paper is to show that, when
compared to the random coordinate selection model, the
fixed partition model can perform very poorly in terms of
iteration complexity to reach a pre-specified error. Specifi-
cally, we present a family of instances (similar to the matri-
ces recently studied by Lee and Wright (2016)) where non-
accelerated Gauss-Seidel with random coordinate selection
performs arbitrarily faster than both non-accelerated and
even accelerated Gauss-Seidel, using any fixed partition.
Our result thus shows the importance of the sampling strat-
egy and that acceleration cannot make up for a poor choice
of sampling distribution.

This finding motivates us to further study the benefits of
acceleration under the random coordinate selection model.
Interestingly, the benefits are more nuanced under this
model. We show that acceleration improves the rate from

O(u,k log(1/e)) to O (\ Jvusty log(l/s)) , where v is
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a new instance dependent quantity that satisfies v < ur:&l q
We derive a bound on v which suggests that if the sub-
blocks of A are all well conditioned, then acceleration can
provide substantial speedups. We note that this is merely a
sufficient condition, and our experiments suggest that our
bound is conservative.

In the process of deriving our results, we also develop a
general proof framework for randomized accelerated meth-
ods based on Wilson et al. (2016) which avoids the use of
estimate sequences in favor of an explicit Lyapunov func-
tion. Using our proof framework we are able to recover
recent results (Nesterov & Stich, 2016; Allen-Zhu et al.,
2016) on accelerated coordinate descent. Furthermore, our
proof framework allows us to immediately transfer our re-
sults on Gauss-Seidel over to the randomized accelerated
Kaczmarz algorithm, extending a recent result by Liu and
Wright (2016) on updating a single constraint at a time to
the block case.

Finally, we empirically demonstrate that despite its theoret-
ical nuances, accelerated Gauss-Seidel using random coor-
dinate selection can provide significant speedups in prac-
tical applications over Gauss-Seidel with fixed partition
sampling, as well as the classical conjugate-gradient (CG)
algorithm. As an example, for a kernel ridge regression
(KRR) task in machine learning on the augmented CIFAR-
10 dataset (n = 250, 000), acceleration with random coor-
dinate sampling performs up to 1.5x faster than accelera-
tion with a fixed partitioning to reach an error tolerance of
10~2, with the gap substantially widening for smaller error
tolerances. Furthermore, it performs over 3.5 x faster than
conjugate-gradient on the same task.

2. Background

We assume that we are given an n X n matrix A which is
positive definite, and an n dimensional response vector b.
We also fix an integer p which denotes a block size. Under
the assumption of A being positive definite, the function
f(x) = $aT Az — z7b is strongly convex and smooth. Re-
cent analysis of Gauss-Seidel (Gower & Richtarik, 2015)
proceeds by noting the connection between Gauss-Seidel
and (block) coordinate descent on f. This is the point of
view we will take in this paper.

2.1. Existing rates for randomized block Gauss-Seidel

We first describe the sketching framework of (Qu et al.,
2015; Gower & Richtarik, 2015) and show how it yields
rates on Gauss-Seidel when blocks are chosen via a fixed
partition or randomly at every iteration. While we will only
focus on the special case when the sketch matrix represents
column sampling, the sketching framework allows us to
provide a unified analysis of both cases.

To be more precise, let D be a distribution over R”*P, and
let S, ~ D be drawn iid from D. If we perform block
coordinate descent by minimizing f along the range of Sy,
then the randomized block Gauss-Seidel update is given by

Tpi1 = o — Sp(STASY) ST (Azy, —b) . (1)

Column sampling. Every index set J C 2" with |J| =
p induces a sketching matrix S(J) = (ej(1),.., €5(p))
where e; denotes the ¢-th standard basis vector in R",
and J(1),...,J(p) is any ordering of the elements of .J.
By equipping different probability measures on 2["), one
can easily describe fixed partition sampling as well as
random coordinate sampling (and many other sampling
schemes). The former puts uniform mass on the index sets
J1, -y Jn/p> Whereas the latter puts uniform mass on all (;)
index sets of size p. Furthermore, in the sketching frame-
work there is no limitation to use a uniform distribution,
nor is there any limitation to use a fixed p for every itera-
tion. For this paper, however, we will restrict our attention
to these cases.

Existing rates. Under the assumptions stated above, (Qu
et al., 2015; Gower & Richtarik, 2015) show that for every
k > 0, the sequence (1) satisfies

Elller —ulla] < (1= ) 2o —2ulla, @)

where (1 = Apin(E[P41/24]). The expectation in (2) is
taken with respect to the randomness of Sy, S1, ..., and the
expectation in the definition of p is taken with respect to
S ~ D. Under both fixed partitioning and random coor-
dinate selection, x > 0 is guaranteed (see e.g. (Gower &
Richtarik, 2015), Lemma 4.3). Thus, (1) achieves a linear
rate of convergence to the true solution, with the rate gov-
erned by the © quantity shown above.

We now specialize (2) to fixed partitioning and random co-
ordinate sampling, and provide some intuition for why we
expect the latter to outperform the former in terms of it-
eration complexity. We first consider the case when the
sampling distribution corresponds to fixed partitioning. As-
sume for notational convenience that the fixed partitioning
corresponds to placing the first p coordinates in the first
partition J;, the next p coordinates in the second partition
Jo, and so on. Here, ;1 = fipary corresponds to a measure
of how close the product of A with the inverse of the block
diagonal is to the identity matrix, defined as
_ D . -1 -1
Hpart = ZAmin (4-pidiag (471, 45) ) . @

n/p

Above, A, denotes the p X p matrix corresponding to the
sub-matrix of A indexed by the i-th partition. A loose lower
bound on fipart 1S

p >\min (A)

Hpart = — .
pat n maxlgign/p )\max(AJi)

“4)
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On the other hand, in the random coordinate case, Qu et
al. (2015) derive a lower bound on p& = fiyang as

maxi<j<pn Ai; ) ! )

p
Hrand Z ﬁ (6 + (1 - B) )\min(A)

where 8= (p—1)/(n—1). Using the lower bounds
(4) and (5), we can upper bound the iteration com-
plexity of fixed partition Gauss-Seidel Np.r by

0] (% maxlgi'"/,”(k)‘“"(AJi) log(l/s)) and random coordi-

nate Gauss-Seidel Nyanq as O (%% 10g(1/€)>.

Comparing the bound on Ny, to the bound on N,ang,
it is not unreasonable to expect that random coordinate
sampling has better iteration complexity than fixed par-
tition sampling in certain cases. In Section 3, we verify
this by constructing instances A such that fixed partition
Gauss-Seidel takes arbitrarily more iterations to reach
a pre-specified error tolerance compared with random
coordinate Gauss-Seidel.

2.2. Accelerated rates for fixed partition Gauss-Seidel

Based on the interpretation of Gauss-Seidel as block coor-
dinate descent on the function f, we can use Theorem 1 of
Nesterov and Stich (2016) to recover a procedure and a rate
for accelerating (1) in the fixed partition case; the specific
details are discussed in Section A.4.3 of the appendix. We
will refer to this procedure as ACDM.

The convergence guarantee of the ACDM procedure is that
forall £ > 0,

k)2
Bl — 2. 14] < 0 ((1 — /o Do> ©

Above, Dy = ||zg — z+||a and pipar is the same quan-
tity defined in (3). Comparing (6) to the non-accelerated
Gauss-Seidel rate given in (2), we see that acceleration im-
proves the iteration complexity to reach a solution with ¢

error from O(u;a}rt log(1/¢)) to O ( %,u;alrt log(1/€)>,
as discussed in Section 1.

3. Results

We now present the main results of the paper. All proofs
are deferred to the appendix.

3.1. Fixed partition vs random coordinate sampling

Our first result is to construct instances where Gauss-Seidel
with fixed partition sampling runs arbitrarily slower than
random coordinate sampling, even if acceleration is used.

Consider the particular family of n x n positive definite
matrices <7 givenby & = {A, 5 :a > 0,a+ [ > 0}

with A, g defined as A, 3 = ol + 21,17, The family
o/ exhibits a crucial property that II' A, gIl = A, g for
every n X n permutation matrix II. Lee and Wright (2016)
recently exploited this invariance to illustrate the behavior
of cyclic versus randomized permutations in coordinate de-
scent.

We explore the behavior of Gauss-Seidel as the matrices
A, g become ill-conditioned. To do this, we consider a par-
ticular parameterization which holds the minimum eigen-
value equal to one and sends the maximum eigenvalue to
infinity via the sub-family {A; g}g~o. Our first proposi-
tion characterizes the behavior of Gauss-Seidel with fixed
partitions on this sub-family.

Proposition 3.1. Fix 5 > 0 and positive integers n,p, k
such thatn = pk. Let {J;}*_, be any partition of {1, ...,n}
with |J;| = p, and denote S; € R"*P as the column selec-
tor for partition J;. Suppose S € R"*P takes on value S;
with probability 1/k. For every Ay g € o we have that

(7

Upart = nt6p

Next, we perform a similar calculation under the random
column sampling model.

Proposition 3.2. Fix § > 0 and integers n,p such that
1 < p < n. Suppose each column of S € R™*P is cho-
sen uniformly at random from {e1, ..., e, } without replace-
ment. For every Ay g € o/ we have that

p (p—1)8p
n+pBp  (n—1)(n+pp)’

®)

Hrand =

The differences between (7) and (8) are striking. Let us
assume that 3 is much larger than n. Then, we have that
tpart == 1/ for (7), whereas fiyand ~ Zj for (8). That
iS, ftpart can be made arbitrarily smaller than fianq as 3
grows.

Our next proposition states that the rate of Gauss-Seidel
from (2) is tight order-wise in that for any instance there
always exists a starting point which saturates the bound.

Proposition 3.3. Let A be an n x n positive definite
matrix, and let S be a random matrix such that y =
Amin(E[Py1/2g]) > 0. Let x, denote the solution to
Ax = b. There exists a starting point xo € R such that
the sequence (1) satisfies for all k > 0,

Eller — 2llal 2 (1= p)*llzo —2ulla. )

From (2) we see that Gauss-Seidel using random co-
ordinates computes a solution xj satisfying El[||xy —
Tylla, 5] < € inatmost k = O(3 log(1/¢)) iterations. On
the other hand, Proposition 3.3 states that for any fixed par-
tition, there exists an input g such that k = Q(S8log(1/¢))
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iterations are required to reach the same ¢ error tolerance.
Furthermore, the situation does not improve even if use
ACDM from (Nesterov & Stich, 2016). Proposition 3.6,
which we describe later, implies that for any fixed partition

there exists an input z( such that k = Q (, /5B log(l/s))

iterations are required for ACDM to reach ¢ error. Hence
as 3 — o0, the gap between random coordinate and fixed
partitioning can be made arbitrarily large. These findings
are numerically verified in Section 5.1.

3.2. A Lyapunov analysis of accelerated Gauss-Seidel
and Kaczmarz

Motivated by our findings, our goal is to understand the
behavior of accelerated Gauss-Seidel under random coor-
dinate sampling. In order to do this, we establish a general
framework from which the behavior of accelerated Gauss-
Seidel with random coordinate sampling follows immedi-
ately, along with rates for accelerated randomized Kacz-
marz (Liu & Wright, 2016) and the accelerated coordinate
descent methods of (Nesterov & Stich, 2016) and (Allen-
Zhu et al., 2016).

For conciseness, we describe a simpler version of our
framework which is still able to capture both the Gauss-
Seidel and Kaczmarz results, deferring the general version
to Section A.3 of the appendix. Our general result requires
a bit more notation, but follows the same line of reasoning.

Let H be a random n X n positive semi-definite matrix.
Put G = E[H], and suppose that G exists and is positive
definite. Furthermore, let f : R™ — R be strongly convex
and smooth, and let ;¢ denote the strong convexity constant
of f w.r.t. the ||-||g-1 norm.

Consider the following sequence { (2, Y, 2k ) } k>0 defined
by the recurrence

1 T
Tyl = —Yp + 2k (10a)

1+71 1+7
Y1 = Thy1 — HeVf(Tr41) ,

-
Zk+1 = 2k + T(Tpy1 — 25) — kaVf(ka) , (10¢)

(10b)

where Hy, Hy, ... are independent realizations of H and
T is a parameter to be chosen. Following (Wilson et al.,
2016), we construct a candidate Lyapunov function V}, for
the sequence (10) defined as

Vi=J() = fot Gl -2l aD

The following theorem demonstrates that V}, is indeed a
Lyapunov function for (xg, yk, 2k )-

Theorem 3.4. Let f,G, H be as defined above. Suppose
further that f has 1-Lipschitz gradients w.rt. the ||-||g—1

norm, and for every fixed x € R",

f@G 1) < (@) = IV, a2

holds for a.e. H, where ®(x; H) = v — HV f(z). Set T in
(10) as 7 = / /v, with

V= Amax (]E [(G*l/QHG*/?)?D .
Then for every k > 0, we have
E[Vi] < (1—71)"Vp.

We now proceed to specialize Theorem 3.4 to both the
Gauss-Seidel and Kaczmarz settings.

3.2.1. ACCELERATED GAUSS-SEIDEL

Let S € R™*? denote a random sketching matrix. As sug-
gested in Section 2, we set f(z) = s2" Az — 2"b and put
H = S(STAS)TST. Note that G = E[S(STAS)TST] is
positive definite iff Apin (E[P41/25]) > 0, and is hence sat-
isfied for both fixed partition and random coordinate sam-
pling (c.f. Section 2). Next, the fact that f is 1-Lipschitz
w.r.t. the ||||g-1 norm and the condition (12) are standard
calculations detailed in Section A.3.1. All the hypotheses
of Theorem 3.4 are thus satisfied, and the conclusion is
Theorem 3.5, which characterizes the rate of convergence
for accelerated Gauss-Seidel (Algorithm 1).

Algorithm 1 Accelerated randomized block Gauss-Seidel.

Require: A € R"*", A > 0, b € R, sketching matrices
{Sk}tizy SR™P, 25 €R™, pe (0,1),v > 1.

1: Set7 = +/u/v.

2. Set yg = z9 = xo.

3: fork=0,....,T —1do

4: Tyl = l-i-%yk + H%_Zk

5: H = Sk(S;CFASk)TS]I.

6:  Yr+1 = Tpr1 — Hi(Azprr — D).

7: Zk4+1 = 2k + T(J)k+1 — Zk) — ﬁHk(AIk+1 — b)
8: end for

9: Return yr.

Theorem 3.5. Let A be an n X n positive definite matrix
and b € R™. Let x, € R" denote the unique vector sat-
isfying Az, = b. Suppose each S, k = 0,1,2,... is an
independent copy of a random matrix S € R"*P. Put
= Amin(E[P41/2g]), and suppose the distribution of S
satisfies 1w > 0. Invoke Algorithm 1 with u and v, where

V= Amax (IE [(G‘”QHG‘”Q)QD . (13)

with H = S(STAS)'ST and G = E[H]. Then with T =
Vi/v, forall k > 0,

Elllye — z.lla] < V201 = 1)z —2lla.  (14)
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Note that in the setting of Theorem 3.5, by the definition
of v and p, it is always the case that v < 1/u. Therefore,
the iteration complexity of acceleration (Algorithm 1) is at
least as good as the iteration complexity without accelera-
tion (Equation 1).

We conclude our discussion of Gauss-Seidel by describ-
ing the analogue of Proposition 3.3 for Algorithm 1, which
shows that our analysis in Theorem 3.5 is tight order-
wise. The following proposition applies to ACDM as well;
Section A.4.2 of the appendix shows how ACDM can be
viewed as a special case of Algorithm 1.

Proposition 3.6. Under the setting of Theorem 3.5, there
exists starting positions yg, 2o € R™ such that the iterates
{(yk, 1) } k>0 produced by Algorithm 1 satisfy

Ellyr = @lla + lzr = wulla] > (1= 7)"[lyo — 2.4 -

3.2.2. ACCELERATED KACZMARZ

The argument for Theorem 3.5 can be slightly modified to
yield a result for randomized accelerated Kaczmarz in the
sketching framework, for the case of a consistent overde-
termined linear system.

Specifically, suppose we are given an m xXn matrix A which
has full column rank, and b € R(A). Our goal is to recover
the unique z, satisfying Az, = b. To do this, we apply
a similar line of reasoning as (Lee & Sidford, 2013). We
set f(z) = 3|lz — x.]|3 and H = Pyrg, where S again
is our random sketching matrix. At first, it appears our
choice of f is problematic since we do not have access to
f and V£, but a quick calculation shows that HV f(z) =
(STA)ST(Ax — b). Hence, with r, = Az, — b, the se-
quence (10) simplifies to

-
1+ Tyk + 1+ TZ
Yrg1 = Tpp1 — (Sp A TS g, (15b)

T

M(S;I A)'STrpr . (15¢)

Top1 = . (15a)

Zhp1 = 2k + T(Tpy1 — 21)

The remainder of the argument (Section A.5) proceeds
nearly identically, and the conclusion is the following the-
orem.

Theorem 3.7. Let A be an m X n matrix with full col-
umn rank, and b = Ax,. Suppose each S, k =
0,1,2,... is an independent copy of a random sketch-
ing matrix S € R™*P, Put H = Pyrg and G =
E[H]. The sequence (15) with pp = Apin(E[P4rs]), v =
Amax (E [(GTY2HGY2)?]), and 7 = \/p/v satisfies
forallk > 0,

Elllye — z.ll2] < V2(1 = 7)*2|lzg —zifl2. (16)

Specialized to the setting of (Liu & Wright, 2016) where
each row of A has unit norm and is sampled uniformly

at every iteration, it can be shown (see Section A.5.1)
that v < m and p = %)\min(ATA). Hence, Theo-
rem 3.7 states that the iteration complexity to reach ¢ er-

ror is O (mlog(l/ 6)) which matches Theo-
rem 5.1 of (Liu & Wright, 2016) order-wise. On the other
hand, Theorem 3.7 applies more generally for any sketch-

ing matrix.

3.3. Specializing accelerated Gauss-Seidel to random
coordinate sampling

We now instantiate Theorem 3.5 to random coordinate
sampling. The p quantity which appears in Theorem 3.5
is identical to the quantity appearing in the rate (2) of non-
accelerated Gauss-Seidel. That is, the iteration complex-

ity to reach tolerance ¢ is O (1 Jvusl, log(1/5)> , and the

only new term here is v. In order to provide a more intu-
itive interpretation of the v quantity, we present an upper
bound on v in terms of an effective block condition num-
ber defined as follows. Given an index set J C 27 de-
fine the effective block condition number of a matrix A as
Keft, 7 (A) = ITL(‘;‘?)” Note that ke j(A) < k(Ay) al-
ways. The following lemma gives upper and lower bounds
on the v quantity.

Lemma 3.8. Let A be an n X n positive definite matrix and
let p satisfy 1 < p < n. We have that

n n(p—1 p—1
—<v< — 1—— | K A
P_V_p<n1+( ”1> o )>’

where Keg p(A) = max ;colnl.| j|=p Keft,J(A), v is defined
in (13), and the distribution of S corresponds to uniformly
selecting p coordinates without replacement.

Lemma 3.8 states that if the p X p sub-blocks of A are
well-conditioned as defined by the effective block condi-
tion number ke, 7(A), then the speed-up of accelerated
Gauss-Seidel with random coordinate selection over its
non-accelerate counterpart parallels the case of fixed par-
titioning sampling (i.e. the rate described in (6) versus the
rate in (2)). This is a reasonable condition, since very ill-
conditioned sub-blocks will lead to numerical instabilities
in solving the sub-problems when implementing Gauss-
Seidel. On the other hand, we note that Lemma 3.8 pro-
vides merely a sufficient condition for speed-ups from ac-
celeration, and is conservative. Our numerically exper-
iments in Section A.7.2 suggest that in many cases the
v parameter behaves closer to the lower bound n/p than
Lemma 3.8 suggests. We leave a more thorough theoreti-
cal analysis of this parameter to future work.

With Lemma 3.8 in place, we can combine Theorem 3.5
with (5) to derive the following upper bound on the itera-
tion complexity of accelerated Gauss-Seidel with random



Breaking Locality Accelerates Block Gauss-Seidel

coordinates as

n [maxi<i<n Ay
Nrand@cc S 0 (\/

p Amin (A)

Ilustrative example. We conclude our results by illus-
trating our bounds on a simple example. Consider the sub-
family {As}s>0 C o, with

A5 = An+5,—n ) 0>0. (17)
A simple calculation yields that ke p(As) = Z:;ig,

and hence Lemma 3.8 states that v(As) < (1 + %)
Furthermore, by a similar calculation to Proposition 3.2,
Hrand = n(nfiép-l—(s)' Assuming for simplicity that p =
o(n) and 6 € (0,1), Theorem 3.5 states that at most
O(% log(1/¢)) iterations are sufficient for an e-accurate

solution. On the other hand, without acceleration (2) states
that O(z—; log(1/¢)) iterations are sufficient and Proposi-
tion 3.3 shows there exists a starting position for which it is
necessary. Hence, as either n grows large or ¢ tends to zero,
the benefits of acceleration become more pronounced.

4. Related Work

We split the related work into two broad categories of in-
terest: (a) work related to coordinate descent (CD) methods
on convex functions and (b) randomized solvers designed
for solving consistent linear systems. See (Kelley, 1995)
for classical background on numerical methods for solving
linear systems. For a more recent survey on coordinate de-
scent methods in optimization, see (Wright, 2015).

When A is positive definite, Gauss-Seidel can be inter-
preted as an instance of coordinate descent on a strongly
convex quadratic function. We therefore review related
work on both non-accelerated and accelerated coordinate
descent, focusing on the randomized setting instead of the
more classical cyclic order or Gauss-Southwell rule for se-
lecting the next coordinate. See (Tseng & Yun, 2009) for a
discussion on non-random selection rules.

Nesterov’s original paper (Nesterov, 2012) first considered
randomized CD on convex functions, assuming a partition-
ing of coordinates fixed ahead of time. The analysis in-
cluded both non-accelerated and accelerated variants for
convex functions. This work sparked a resurgence of in-
terest in CD methods for large scale data analysis. Most
relevant to our paper are extensions to the block setting
(Richtarik & Takag, 2014), to handling arbitrary sampling
distributions (Qu & Richtarik, 2014a;b; Fountoulakis &
Tappenden, 2016), and second order updates for quadratic
functions (Qu et al., 2016).

For accelerated CD, Lee and Sidford (2013) generalize the
analysis of Nesterov (2012). While the analysis of (Lee &

it p(A) log<1/e>> .

Sidford, 2013) was limited to selecting a single coordinate
at a time, several follow on works (Qu & Richtarik, 2014a;
Lin et al., 2014; Lu & Xiao, 2015; Fercoq & Richtarik,
2015) generalize to block and non-smooth settings. More
recently, both Allen-Zhu et al. (2016) and Nesterov and
Stich (2016) independently improve the results of (Lee &
Sidford, 2013) by using a different non-uniform sampling
distribution. One of the most notable aspects of the analysis
in (Allen-Zhu et al., 2016) is a departure from the (prob-
abilistic) estimate sequence framework of Nesterov (see
(Nesterov, 2004) for background on estimate sequences).
Instead, the authors of (Allen-Zhu et al., 2016) construct a
valid Lyapunov function for coordinate descent, although
they do not explicitly mention this. In our work, we make
this Lyapunov point of view explicit. The constants we
choose in our acceleration updates arise from a particular
discretization and Lyapunov function outlined from Wil-
son et al. (2016). Using this framework makes our proof
particularly transparent, and allows us to recover results
for strongly convex functions from (Allen-Zhu et al., 2016)
and (Nesterov & Stich, 2016) as a special case.

From the numerical analysis side, we focus on the literature
for solving consistent systems. Both the Gauss-Seidel and
Kaczmarz algorithm are considered classical. Strohmer
and Vershynin (2009) were the first to prove a linear rate
of convergence for randomized Kaczmarz, and Leventhal
and Lewis (2010) provide a similar kind of analysis for
randomized Gauss-Seidel. Both (Strohmer & Vershynin,
2009) and (Leventhal & Lewis, 2010) were in the single
constraint/coordinate setting. The block setting was later
analyzed by Needell and Tropp (2014). More recently,
Gower and Richtarik (2015) provide a unified analysis for
both randomized block Gauss-Seidel and Kaczmarz in the
sketching framework, which we adopt in this paper. Fi-
nally, Liu and Wright (2016) provide an accelerated analy-
sis of randomized Kaczmarz once again in the single con-
straint setting and we extend this to the block setting.

5. Experiments

In this section we experimentally validate our theoretical
results on how our accelerated algorithms can improve con-
vergence rates. Our experiments use a combination of
synthetic matrices and matrices from large scale machine
learning tasks.

Setup. We run all our experiments on a 4 socket Intel Xeon
CPU E7-8870 machine with 18 cores per socket and 1TB of
DRAM. We implement all our algorithms in Python using
numpy, and use the Intel MKL library with 72 OpenMP
threads for numerical operations. We report errors as rel-
ative errors, i.e. |z — 7.||%/||z«|%. Finally, we use the
best values of 1 and v found by tuning each experiment.
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Figure 1. Experiments comparing fixed partitions versus random
coordinate sampling for the example from Section 3.1 with n =
5000 coordinates, block size p = 500.

5.1. Fixed partitioning vs random coordinate sampling

Our first set of experiments numerically verify the sepa-
ration between fixed partitioning sampling versus random
coordinate sampling.

Figure 1 shows the progress per iteration on solving
Ay gx = b, with the A; g defined in Section 3.1. Here
we set n = 5000, p = 500, § = 1000, and b ~ N(0,1).
Figure 1 verifies our analytical findings in Section 3.1, that
the fixed partition scheme is substantially worse than uni-
form sampling on this instance. It also shows that in this
case, acceleration provides little benefit in the case of ran-
dom coordinate sampling. This is because both p and 1/v
are order-wise p/n, and hence the rate for accelerated and
non-accelerated coordinate descent coincide. However we
note that this only applies for matrices where ( is as large
as it can be (i.e. p/n), that is instances for which Gauss-
Seidel is already converging at the optimal rate (see (Gower
& Richtarik, 2015), Lemma 4.2).

5.2. Kernel ridge regression

We next evaluate how fixed partitioning and random co-
ordinate sampling affects the performance of Gauss-Seidel
on large scale machine learning tasks. To do this we use
the popular image classification datasets CIFAR-10. The
task we evaluate is kernel ridge regression (KRR) with
a Gaussian kernel. Specifically, given a labeled dataset
{(2, i)}, we solve the linear system (K + A)a =Y
with K;; = exp(—~l||z; — x;]|3), where A,y > 0 are tun-
able parameters. The key property of kernel ridge regres-
sion is that the kernel matrix K is always positive semi-
definite, and hence Algorithm 1 applies.

For the CIFAR-10 dataset, we augment the dataset' to in-

! Similar to https://github.com/akrizhevsky/cuda-convnet2.

CIFAR-10 KRR, n=250k, p=10k
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Figure 2. Experiments comparing fixed partitions versus uniform
random sampling for CIFAR-10 augmented matrix while running
kernel ridge regression. CIFAR-10 augmented matrix has n =
250000 coordinates and we set block size to p = 10000.

clude five reflections, translations per-image and then ap-
ply standard pre-processing steps used in image classifica-
tion (Coates & Ng, 2012; Sparks et al., 2017). We finally
apply a Gaussian kernel on our pre-processed images and
the resulting kernel matrix has n = 250000 coordinates.
We also include experiments on a smaller MNIST kernel
matrix (n = 60000) in Section A.7.

Results from running 500 iterations of random coordinate
sampling and fixed partitioning algorithms are shown in
Figure 2. Comparing convergence across iterations, sim-
ilar to previous section, we see that un-accelerated Gauss-
Seidel with random coordinate sampling is better than ac-
celerated Gauss-Seidel with fixed partitioning. However
we also see that using acceleration with random sampling
can further improve the convergence rates, especially to
achieve errors of 1073 or lower.

We also compare the convergence with respect to running
time in Figure 3. Fixed partitioning has better perfor-
mance in practice random access is expensive in multi-
core systems. Furthermore, the partitions can be computed
once and cached across iterations. However, we see that
this speedup in implementation comes at a substantial cost
in terms of convergence rate. For example in the case
of CIFAR-10, using fixed partitions leads to an error of
1.2 x 102 after around 7000 seconds. In comparison we
see that random coordinate sampling achieves a similar er-
ror in around 4500 seconds and is thus 1.5 faster. We also
note that this speedup increases for lower error tolerances.

5.3. Comparing Gauss-Seidel to Conjugate-Gradient

We also compared Gauss-Seidel with random coordinate
sampling to the classical conjugate-gradient (CG) algo-
rithm. CG is an important baseline to compare with, as
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Figure 3. Experiments comparing conjugate gradient with accel-
erated and un-accelerated Gauss-Seidel methods for CIFAR-10
augmented matrix while running kernel ridge regression. CIFAR-
10 augmented matrix has n = 250000 coordinates and we set
block size to p = 10000.
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Figure 4. The effect of block size on the accelerated Gauss-Seidel
method. For the MNIST dataset (pre-processed using random fea-
tures) we see that block size of p = 500 works best.

it is the de-facto standard iterative algorithm for solving
linear systems in the numerical analysis community. The
results of our experiment are shown in Figure 3. We note
that Gauss-Seidel both with and without acceleration out-
perform CG. As an example, we note that to reach er-
ror 10~! on CIFAR-10, CG takes roughly 7000 seconds,
compared to less than 2000 seconds for accelerated Gauss-
Seidel, which is a 3.5 x improvement.

To understand this performance difference, we recall that
our matrices A are fully dense, and hence each iteration
of CG takes O(n?). On the other hand, each iteration of
both non-accelerated and accelerated Gauss-Seidel takes
O(np? + p®). Hence, as long as p = O(n*/?), the time
per iteration of Gauss-Seidel is order-wise no worse than
CG. In terms of iteration complexity, standard results state
that CG takes at most O(+y/klog(1/¢)) iterations to reach
an ¢ error solution, where s denotes the condition num-

ber of A. On the other hand, Gauss-Seidel takes at most
O(5 ket log(1/€)), where keg = %ﬁz;‘” In the
case of any (normalized) kernel matrix associated with a
translation-invariant kernel such as the Gaussian kernel, we
have maxj<ij<n A;; = 1, and hence generally speaking

Keft 18 much lower than k.

5.4. Effect of block size

We next analyze the importance of the block size p for the
accelerated Gauss-Seidel method. As the values of p and v
change for each setting of p, we use a smaller MNIST ma-
trix for this experiment. We apply a random feature trans-
formation (Rahimi & Recht, 2007) to generate an n X d
matrix F' with d = 5000 features. We then use A = F'F
and b = FTY as inputs to the algorithm. Figure 4 shows
the wall clock time to converge to 10™° error as we vary
the block size from p = 50 to p = 1000.

Increasing the block-size improves the amount of progress
that is made per iteration but the time taken per iteration
increases as O(p3) (Line 5, Algorithm 1). However, using
efficient BLAS-3 primitives usually affords a speedup from
systems techniques like cache blocking. We see the effects
of this in Figure 4 where using p = 500 performs better
than using p = 50. We also see that these benefits reduce
for much larger block sizes and thus p = 1000 is slower.

6. Conclusion

In this paper, we extended the accelerated block Gauss-
Seidel algorithm beyond fixed partition sampling. Our
analysis introduced a new data-dependent parameter v
which governs the speed-up of acceleration under more
general sampling schemes. Specializing our theory to ran-
dom coordinate sampling, we derived an upper bound on v
which shows that well conditioned blocks are a sufficient
condition to ensure speedup. Experimentally, we showed
that block Gauss-Seidel with random coordinate sampling
is readily accelerated beyond what our bound suggests.

The most obvious question remains to derive a sharper
bound on the v constant from Theorem 3.5. Another inter-
esting question is whether or not the iteration complexity
of random coordinate sampling is always bounded above
by the iteration complexity with fixed coordinate sampling.

In the future, we also plan to study a practical implementa-
tion of accelerated Gauss-Seidel in a distributed setting, in
the style of Tu et al. (2016). The main challenges here are
in determining how to sample coordinates efficiently with-
out significant communication overheads, and to efficiently
estimate the p and v parameters. We plan to explore if other
sampling schemes such as shuffling the coordinates at the
end of every epoch (Recht & Ré, 2013) can be used.
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Supplementary Material

A.l. Preliminaries

Notation. The notation is standard. [n] = {1,2,...,n} refers to the set of integers from 1 to 7, and 2["] refers to the set
of all subsets of [n]. We let 1,, € R™ denote the vector of all ones. Given a square matrix M with real eigenvalues, we let
Amax (M) (tesp. Amin(M)) denote the maximum (resp. minimum) eigenvalue of M. For two symmetric matrices M, N,
the notation M = N (resp. M > N) means that the matrix M — N is positive semi-definite (resp. positive definite). Every
such M = 0 defines a real inner product space via the inner product (x,y)y = 2" My. We refer to its induced norm
as ||z||ar = v/{x,x) . The standard Euclidean inner product and norm will be denoted as (-, ) and ||-||2, respectively.
For an arbitrary matrix M, we let M denote its Moore-Penrose pseudo-inverse and Py, the orthogonal projector onto the
range of M, which we denote as R(M). When M 3= 0, we let M 1/2 denote its unique Hermitian square root. Finally, for
a square n X n matrix M, diag(M) is the n x n diagonal matrix which contains the diagonal elements of M.

Partitions on [n]. In what follows, unless stated otherwise, whenever we discuss a partition of [n] we assume that the
e n/p 7
partition is given by ;] J;, where

J=A{1,2,....,p}, Ja={p+Lp+2,..,2p}, ...

This is without loss of generality because for any arbitrary equal sized partition of [n], there exists a permutation matrix II
such that all our results apply by the change of variables A < I1" ATl and b < II"b.

A.2. Proofs for Separation Results (Section 3.1)
A.2.1. Expectation calculations (Propositions 3.1 and 3.2)

Recall the family of n x n positive definite matrices .2/ defined in (17) as

Aa’ﬁ:aIJrglnll, a>0,a+5>0. (18)

We first gather some elementary formulas. By the matrix inversion lemma,

~1
-1 _ By T _ 1y B/n T
AL = <aI+ n1"1"> =a 1 ala 1 5) 1,1, . (19)

Furthermore, let S € R™*P be any column selector matrix with no duplicate columns. We have again by the matrix
inversion lemma

-1
(STAaﬂS)*l — <0J—|- §1p1;> —alr - = B/n

e S T
Py 1,17 (20)

p

The fact that the right hand side is independent of S is the key property which makes our calculations possible. Indeed, we
have that

B/n

S(STA, 3S) 18T =7 198T — — A
(57 Ao p5) ala+ Bp/n)

51,1787 . (21)

With these formulas in hand, our next proposition gathers calculations for the case when .S represents uniformly choosing
p columns without replacement.
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Proposition A.2.1. Consider the family of n x n positive definite matrices { Ay g} from (18). Fix any integer p such that
1 <p<n. Let S € R" P denote a random column selector matrix where each column of S' is chosen uniformly at random
without replacement from {e1, ..., ey, }. For any A, s,

- —Da+(p—1)8 (n —p)pB
E(S(ST Ay 55) 15T A, o] = p" I 1,17, (22)
S5 A ®) 5 Al = P T G p8) T - Dina+ pB)
_ _ _ 1 (n—p)*B
E[S(STAu38) 1STG-LS(STA, 38)71ST] = (—
S5 a8 S a8 AasS) S =G T (- Dk (- DB+ 98)
(p—1DB(na(l —2n) +np(a—B)+pB) . .71
n 1,17, (23
(n —na((n —a+ (p—1)B8)(na + pp)
Above, G, 5 = E[S(ST A, 55)715T].
Proof. First, we have the following elementary expectation calculations,
E[SST] = %I, (24)
-1 p(p—1
E[s1,17sT =2 (1 - 2= )74+ 2 (222117 2
51,1557 =2 (1220 ) 1+ 2 (250 )1l 25)
E[SST1,1]5T] = E[S1,1] 58T = E[SST1,1758] = E[S1,1]S], (26)
3 3
TaTq 1T T _ P, p—1 P’ (p—1 T
E[S1,1)871,1]51,175T] = ; <1 — 1) I+~ (n_ 1) 1,17, (27)

To compute G, g, we simply plug (24) and (25) into (21). After simplification,

B T iemy_ P, B/n _p-1 _pp—1_ B/n T
Gap =E[S(S"Aq3S) 15]_Om(1 a+6p/n<1 nl))l nn—la(aJrﬂp/n)l”l”'

From this formula for G, g, (22) follows immediately.
Our next goal is to compute E[S(ST A, 35) 71 STG, [;5(ST Aa 5S) 71 ST]. To do this, we first invert G 5. Applying the
matrix inversion lemma, we can write down a formula for the inverse of G, g,

(n — Da(na + pp) 7 (p —1)B(na + pp)
(n—Dpa+(p—1)pB np((n—Da+(p—1)5)

vy n

Gl = 1,17 (28)

Next, we note for any 7, ¢, using the properties that STS = I, 17 S1, = p, and lglp = p, we have that

(rSST +¢S1,17ST)(vI +n1,1])(rSST +¢S1,11ST)
= yr’SST 4+ 2rvqS1,1] ST+ pr?5ST1,1) 58T
+prng(SST1,1] ST 4+ 51,17 58T + pg®yS1,1] ST
+1¢°S1,1]7571,171 51,1757 .
Taking expectations of both sides of the above equation and using the formulas in (24), (25), (26), and (27),

E[(rSST +¢S1,1]ST) (v +n1,1])(rSST + ¢S1,1]8T)]
_ p(p(n=p)g* +2(n = p)gr + (n = )r*)y + p(n = p)(pg +r)*n
n(n—1)

p(p — 1)(q(pq + 2r)7 + (pg +7)%n)
n(n—1)

+ 1,17,

Wenowsetr =a ', ¢= —%, and v, n from (28) to reach the desired formula for (23). O]
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Proposition 3.2 follows immediately from Proposition A.2.1 by plugging in o = 1 into (22). We next consider how (21)
behaves under a fixed partition of {1,...,n}. Recall our assumption on partitions: n = pk for some integer k& > 1, and
we sequentially partition {1,...,n} into k partitions of size p, i.e. J1 = {1,...,p}, Jo = {p + 1,...,2p}, and so on.
Define S, ..., Si € R™*P such that .S; is the column selector matrix for the partition J;, and .S uniformly chooses .S; with
probability 1/k.

Proposition A.2.2. Consider the family of n x n positive definite matrices {Ay g} from (18), and let n, p, and S be
described as in the preceding paragraph. We have that

pB T pB

_ p
EIS(S" Aa,p8) ™S Aa sl = [T+ g lady — o5

blkdiag(1,1,,...,1,1})) . (29)
N————

k times
Proof. Once again, the expectation calculations are

m_P TeTy_ P : T T
E[SS'] = EI’ E[S1,1,5'] = ﬁblkdlag(l 1,,..,1,1,).

plys -
k times

Therefore,

E[S(STAqsS) 18T = L1 - P B diag(1,17, . 1,17).

’ an”  nala+ Bp/n) Popr TP

Furthermore,

blkdiag(1,1,...,1,1])1,1} = 1,1 blkdiag(1,1],...,1,1]) = p1,1] ,
Hence, the formula for E[S(ST A, 3S)~1ST A, g] follows. O

We now make the following observation. Let @1, ..., Qx be any partition of {1,...,n} into k partitions of size p. Let
Egs~q, denote expectation with respect to S uniformly chosen as column selectors among Q1, ..., @k, and let Eg.,
denote expectation with respect to the .S in the setting of Proposition A.2.2. It is not hard to see there exists a permutation
matrix II such that

N Es q,[S(STAa,3S) ' ST = Es, [S(ST A0 3S) ST
Using this permutation matrix II,
Amin(E5~Q.[Py1/2 61) = Amin(Es~q; [S(STAa,pS) ST Aa,p)

Amin (
= Amin(Es~q; [S(STAq 58) 1 STIIIA, s117)
= Amin (T Eg0,[S(STAu 5S) LSTITIA, 5)
Amin (
Amin (

Above, the second equality holds because A, g is invariant under a similarity transform by any permutation matrix. There-
fore, Proposition A.2.2 yields the pipa, value for every partition Q1, ..., Q. The claim of Proposition 3.1 now follows by
substituting o = 1 into (29).

A.2.2. Proof of Proposition 3.3
Define e, = xy, — ., Hy, = Si(S] ASk)'S! and G = E[H}]. From the update rule (1),

erp1 = (I — HyAep, = AY e = (I — AY2HAY?)AY 2¢y,
Taking and iterating expectations,

E[AY2ep 1] = (I — AV2GAYHE[AY 2¢y] .
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Unrolling this recursion yields for all £ > 0,
E[A2¢r] = (I — AY2GAV?)F A 2eq .

Choose A'/%2¢q = v, where v is an eigenvector of I — AY/2GA'Y/? with eigenvalue Ayax(I — AY2GAY?) = 1 —
Amin(GA) = 1 — . Now by Jensen’s inequality,

Elllex]la] = E[|A"?ex]|2] > [E[A 2ex]ll2 = (1 — 1)*[leo]a -

This establishes the claim.

A.3. Proofs for Convergence Results (Section 3.2)

We now state our main structural result for accelerated coordinate descent. Let P be a probability measure on ) =
S x Ry x Ry, with S™*™ denoting n x n positive semi-definite matrices and R denoting positive reals. Write w € §)
as the tuple w = (H, T, ), and let E denote expectation with respect to P. Suppose that G = E[%H | exists and is positive
definite.

Now suppose that f : R® — R is a differentiable and strongly convex function, and put f, = min, f(z), with z,
attaining the minimum value. Suppose that f is both u-strongly convex and has L-Lipschitz gradients with respect to the
G~ norm. This means that for all z, y € R™, we have

J) 2 J@) + (Vf(@)y =) + Gy — ol (302)

F) < F@) + (VS @)y—a)+ Sy —al2 (300)

We now define a random sequence as follows. Let wy = (Ho, o, v0),w1 = (H1,T'1,71), ... be independent realizations
from P. Starting from yo = 29 = x¢ with x( fixed, consider the sequence {(z, yx, 2k ) }x>0 defined by the recurrence

T(Tps1 — 2k) = Yk — Tht1 s (31a)
1
Yk41 = Thtl — FkaVf(Ik+1) ) (31b)
1
oyl — 2 =T <$k+1 — 2z — H}cvf(a?kﬂ)) : (3lo)
MYk

It is easily verified that (z, y, z) = (2, x4, z.) is a fixed point of the aforementioned dynamical system. Our goal for now
is to describe conditions on f, u, and 7 such that the sequence of updates (31a), (31b), and (31c) converges to this fixed
point. As described in Wilson et al. (2016), our main strategy for proving convergence will be to introduce the following
Lyapunov function

Vi = J () = fo+ Gl — 2B (32)

and show that V), decreases along every trajectory. We let E; denote the expectation conditioned on Fj, =
o(wo, w1, ...,wg—1). Observe that xj; is Fy-measurable, a fact we will use repeatedly throughout our calculations.
With the preceding definitions in place, we state and prove our main structural theorem.

Theorem A.3.1. (Generalization of Theorem 3.4.) Let f and G be as defined above, with f satisfying u-strongly convexity
and L-Lipschitz gradients with respect to the ||-||g-1 norm, as defined in (30a) and (30b). Suppose that for all fixed © € R™,
we have that the following holds for almost every w € (),

F(@(:) < f2) = V@I @) = — THYS(). (3)

Furthermore, suppose that v > 0 satisfies

E [12HG1H] < vE [1H] ) (34)
ol
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Then as long as we set T > 0 such that T satisfies for almost every w € Q,

T<%\/E’T<\/§’ (35)

we have that Vi, defined in (32) satisfies for all k > 0,
Ee[Vir1]) < (1 —7)Vg . (36)
Proof. First, recall the following two point equality valid for any vectors a, b, ¢ € V in a real inner product space V/,
lla =Bl = lle = bl = lla = ¢ll} +2(a —¢,c = b)y . 37)
Now we can proceed with our analysis,
(€]

Virr = Vi = fyks1) — flyr) — mlzrs1 — 2k, T — 2k)g1 + gszH — 2l

I
= JWr1) = F@ren) + f@rrn) = ) = o = 2020 = 2o + 5 llzee — zk |G
(30a) I 9
< f(Wrrr) = f@rgr) + (VS (@ra1), Ther — yr) — §H$k+1 — Ykl
— izt = 2 2o = 2r)g1 + Szt — 2l (38a)
Glo) e 2
= [(rt1) = f(@rg1) + (Vf(@rp1), Thrr — yr) — §H$k+1 — Yrllg
1
(- H S (@) = plziss = 20), 2 = 2k)6= o+ Gl =l (380)
I
= fOr+1) = f@rr) + (V@) o1 = yo) = Sllzaes = yrlle
1 1
+ T<%Hka($k+1), Ty — xk+1>G—1 + T<,ykaka($k+1), Tyl — Zk)Gfl
— TU(Thy1 — 2k Tx — 2) -1 + g||2k+1 - Zk||2G71
Glo)

I
= [(r+1) = f(@rg1) + (Vf(@rp1), o1 — yr) — §H$k+1 — Yklle—s
1 1
+ T<%Hkvf($k+1)’ Ty — Tpy1)a1 + T<7kaVf(93k+1), Thi1 — 2k)G1
1% 2 72 2
= T(Th1 — 2, o — 2k)a-1 + ST (@1 — 20)lG-1 + 55 1 HeV f (2r41) |G-
2 2y,
1
— T<£Ck+1 — Zk,T%Hkvf(xk+1)>G—l (380)
1 > z 2
< —mﬂvf(xkﬂ)”m + (Vf(@rs1), Thor — yr) — §H$k+1 = Ykllg—
1 1
+ T(ﬁHka(ka)’ Ty — Tpy1)a1 + T<7kaVf($k+1), Thi1 — 2k)G1
1% 2 72 2
= TTr41 — 2k, T — 2k) a1 + ST @hr1 — 20) g1 + 5= 1HEV f(2r41) -1
2 2y,
1
— T<xk+1 — ZkaT%Hkvf(‘rkJrl»G—l . (38(1)

Above, (38a) follows from p-strong convexity, (38b) and (38c) both use the definition of the update sequence given in (31),
and (38d) follows using the gradient inequality assumption (33). Now letting x € R™ be fixed, we observe that

T

g T -1 1 2 | G v 1 2
sV I@THG HY 1) - Vi@l 2 E| (55 - 55 197
(35)

<0. (39)
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The first inequality uses the assumption on v, and the second inequality uses the requirement that 7 < % \/g . Now taking
expectations with respect to Ey,

2

T _ 1
mvf(ffkﬂ)THkG VHY f (k1) — fkﬂvf(xkﬂ)ﬂirk

Er[Vit1] = Vi < Eyg
1Y 2
+ (VI (@ht1), Thrr — Yr) — §||90k+1 — ykllg
+ 7V (@ri1), T — Thg1) + TV (@rg1), Ty — 2) — TH(TR1 — 20, T — 2)G—1

+ Sl @it = 21 = T@ne — 20 TV F (@)

(39)
< (Vf(@k41), o1 — Yk) — g“xk+1 —ylla—r + T(VF(@h41), T — Ths1)
+ TV f(@rt1), Tot1 — 26) — TI(@R41 — 28, o — 2) 61

+ Gl = 2B = T@re = 2,7V @)

(300) M ) L )
< -7 (f(karl) = fet §H5€k+1 - $*||G—1) + (VI (@rt1), Thrr — yr) — §||33k+1 — Yrllg—

+ 7 (Vf(@ht1)s Thp1 — 2k) — TR(Thg1 — 2k, To — Zk)G—1

@i = 2 = Twn = 2,V (@04) (402)
(31a)
2 (Flane) = fot Sllowe = @B ) = Sllanen = el = 7l - 20,20 - 2o

+ G @rss = 2l = Tl = @rin, V() (40b)
(30b)
< —r (fler) = £+ Bloers = 2alz) = Slloei = nlid = mileess = 22 - 216

7L

o Bl (@i = 2 [Es + (@) = o) + v — i [E (400)
37
D (f@rr) = fo+ Slowrs = 2l + Sllan = 2allds + il — 2,2 — 2)a )

K 2
= Sllrr = grllg-r = Tid@Rr1 = 2k, 2 = 20) G
TL

Sl (@i = )[BT @) = o) + v — 2| (40d)
(32) Iz T % TL
= Ve = Slaonen —wele = llonen = zllg + ST — 20l + vk — 26
Gla) TL
% vt (G~ ) I = e (0e)
(35)
< —TVk .

Above, (40a) follows from p-strong convexity, (40b) and (40e) both use the definition of the sequence (31), (40c) follows
from L-Lipschitz gradients, (40d) uses the two-point inequality (37), and the last inequality follows from the assumption
of 7 < \/% . The claim (36) now follows by re-arrangement. O

A.3.1. Proof of Theorem 3.5

Next, we describe how to recover Theorem 3.5 from Theorem A.3.1. We do this by applying Theorem A.3.1 to the function
f(z) = 32T Az — 2 Tb.

The first step in applying Theorem A.3.1 is to construct a probability measure on S™*" x R4 x R, for which the random-
ness of the updates is drawn from. We already have a distribution on S”*™ from setting of Theorem 3.5 via the random
matrix H. We trivially augment this distribution by considering the random variable (H,1,1) € Q. By setting' =y =1,
the sequence (31a), (31b), (31c) reduces to that of Algorithm 1. Furthermore, the requirement on the v parameter from (34)
simplifies to the requirement listed in (13). This holds by the following equivalences which are valid since conjugation by
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G (which is assumed to be positive definite) preserves the semi-definite ordering,
Amax (IE {(G*VZHG*VQ)zD <yve=E [(G*WHG*V?)?] <vl
—E[GPHGHG | <
— E[HG 'H] x1G. 41)
It remains to check the gradient inequality (33) and compute the strong convexity and Lipschitz parameters. These com-

putations fall directly from the calculations made in Theorem 1 of (Qu et al., 2015), but we replicate them here for com-
pleteness.

To check the gradient inequality (33), because f is a quadratic function, its second order Taylor expansion is exact. Hence
for almost every w € 2,

F(@(5)) = F(@) — (Vf(@), HYS (@) + 5V (o) HAHV(2)
= f(x) = (Vf(x), HV f(2)) + %v f(z)TS(STAS)TSTAS(STAS) STV f(x)

= (@)~ (V) HY f(2)) + 59 @) S(ST A8) STV (2)

1
— f(@) = 5VI@)THY ().
Hence the inequality (33) holds with equality.

We next compute the strong convexity and Lipschitz gradient parameters. We first show that f is Apin (E[P41/2])-strongly
convex with respect to the ||-||g-: norm. This follows since for any x,y € R™, using the assumption that G is positive
definite,

Fly) = F@) + (Y (@)y — ) + Ly — )T Aly — )

= f(z) + (Vf(x),y —z) + %(y —2)TGTRGYPAGY PG VA (y — )

)\min(Al/QGAl/z)
2

2 fa)+(Vf(2),y—z) + ly — 2l &- -

The strong convexity bound now follows since
AYV2GAY? = AYVPE[H)AY? = E[AY28(STAS) STAY2] = E[Pyi/2g] -

An nearly identical argument shows that f is Apyax (E[P41/2g])-strongly convex with respect to the ||-||g-1 norm. Since the
eigenvalues of projector matrices are bounded by 1, we have that f is 1-Lipschitz with respect to the ||-||g-1 norm. This
calculation shows that the requirement on 7 from (35) simplifies to 7 < \/g ,since L = 1 and v > 1 by Proposition A.6.1
which we state and prove later.

At this point, Theorem A.3.1 yields that E[V;] < (1 — 7)¥Vp. To recover the final claim (14), recall that f(yx) — f« =
Llyk — .|| Furthermore, uG~! < A, since

1< Amin(AY2GAY?) = 1 < Anin (G2 AG?)
— ul < GY2AGY?
= Gl g A.

Hence, we can upper bound Vj as follows
P 1 1%
Vo= £(0) = Fo+ Sllz0 = 2lEs = Sllvo = wulld + Sl — B

1 1
< Sl — a3+ 5l — 23 = 1z — 2.
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On the other hand, we have that 1 ||yx — .||} < Vj. Putting the inequalities together,
1 1
EE[Hyk = aulla] S A\EG ok — 2 l13) < VEVE] < /(1= 1)V < (1= 1)l — a1}

where the first inequality holds by Jensen’s inequality. The claimed inequality (14) now follows.

A.3.2. Proof of Proposition 3.6

We first state and prove an elementary linear algebra fact which we will use below in our calculations.

A B]. The eigenvalues of M are

Proposition A.3.2. Let A, B,C, D be n x n diagonal matrices, and define M = { C D

given by the union of the eigenvalues of the 2 X 2 matrices

C. D ,1=1,...,n,

where A;, B;, C;, D; denote the i-th diagonal entry of A, B, C, D respectively.

Proof. For every s € C we have that the matrices —C' and sI — D are diagonal and hence commute. Applying the
corresponding formula for a block matrix determinant under this assumption,

s — A -B

Ozdet{c s —D

] =det((sI — A)(sI — D) — BC)

= H((s — 4;)(s — D;) — B;C;) = Hdet {S_‘Cfli s__Bzi)J :

(2

O

*

*

Now we proceed with the proof of Proposition 3.6. Define e¢;, = [gk _i } It is easy to see from the definition of
. —

Algorithm 1 that {e;, } satisfies the recurrence

_ 1 I-H.A T(I—HkA)
FH TR T - LHA) T THA |
Hence,
Al/? 0
0 ,ul/QG—l/2] Ck+1
. 1 -Al/z 0 I*HkA T(I*HkA)
17| 0 p2eRl r(I - 1HA) T-TH A
1 [ AVE_AY2EA T(AY? — AV2HA)
= 1/2 ~—1/2/7 _ 1 1/2q—1/2(7 _ 12 €k
1+7 _/.L TG ([ MHkA) w'=G (I MH’CA)
1 i 7— A1/2HkA1/2 M—1/27_(A1/2 _ Al/szA)Gl/z A1/2 0
= 1/2-y—1/2(7 _ 1 -1/2 —1/2/7 _ 72 1/2 { 1/2 —1/2] €k -
L+ |p TGV = S HyA)A GV = T-HyA)G 0 u'/2G
A 0 . . . .
Define P = 0 uG1| By taking and iterating expectations,
1 I — AYV2GAY/2 ,u’l/QT(Al/QGl/Q _ Al/QGAGl/Q)
E[Pl/gekﬂ} = 1—|—77' Ml/QT(G—l/QA—l/Q _ ;G1/2A1/2) 7 ﬁG1/2AG1/2 E[Pl/Qek] :
W W
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Denote the matrix Q = A'/2G"/2. Unrolling the recurrence above yields that

1-QQ" uT?7(Q - QQTQ)
pPrQT 1T 1-%QTQ |

1

EP1/2 — RkP1/2 R= ——
[ ek] €0, 1+T

Write the SVD of Q as Q = UX V' T. Both U and V' are n x n orthonormal matrices. It is easy to see that R¥ is given by
1 U 0 ’ ur o
k _
R¥ = [ } [ 0 VT] . (42)

(1+7)k |0 V
Suppose we choose P'/2¢; to be a right singular vector of R* corresponding to the maximum singular value Omax (RF).
Then we have that

I-x2 p (2 - 23
2
pPr(E7h - %) [— %2

E[|lP2erl2] > [E[PY?ex]ll2 = | R* P eoll2 = omax(R*) | P ?e0ll2 > p(R¥)I|PY e 2,

where p(-) denotes the spectral radius. The first inequality is Jensen’s inequality, and the second inequality uses the fact
that the spectral radius is bounded above by any matrix norm. The eigenvalues of R* are the k-th power of the eigenvalues
of R which, using the similarity transform (42) along with Proposition A.3.2, are given by the eigenvalues of the 2 x 2
matrices R; defined as

R B e, B
z—m Ul/QT(Ui_l_io'i) 1_%0_1_2 y O3 = 24, 1= 1,...,1v.

On the other hand, since the entries in 3 are given by the eigenvalues of A'/2GY/2G1/2 A% = E[P,1/2], there exists an
¢ such that o; = /u. This R; is upper triangular, and hence its eigenvalues can be read off the diagonal. This shows that
111_7: = 1 — 7 is an eigenvalue of R, and hence (1 — 7)* is an eigenvalue of R*. But this means that (1 — 7)¥ < p(RF).

Hence, we have shown that

E[||P"?exllz] = (1 —7)*(|PY/2eo]l2 -

The desired claim now follows from

1PV 2exlla =\l — 2l + pllzn — 2l

< \/Ilyk =g+ 2k = zallh < gk — zella + 2k — 24lla

where the first inequality holds since G ~! < A and the second inequality holds since v/a + b < \/E—F\/B for non-negative
a,b.

A.4. Recovering the ACDM Result from Nesterov and Stich (2016)

We next show how to recover Theorem 1 of Nesterov and Stich (2016) using Theorem A.3.1, in the case of & = 1. A
nearly identical argument can also be used to recover the result of Allen-Zhu et al. (2016) under the strongly convex setting
in the case of 8 = 0. Our argument proceeds in two steps. First, we prove a convergence result for a simplified accelerated
coordinate descent method which we introduce in Algorithm 2. Then, we describe how a minor tweak to ACDM shows
the equivalence between ACDM and Algorithm 2.

Before we proceed, we first describe the setting of Theorem 1. Let f : R® — R be a twice differentiable strongly
convex function with Lipschitz gradients. Let .J1, ..., J,,, denote a partition of {1, ...,n} into m partitions. Without loss of
generality, we can assume that the partitions are in order, i.e. J; = {1,...,n1}, Jo = {n1 + 1,...,n2}, and so on. This
is without loss of generality since we can always consider the function g(z) = f(Ilz) for a suitable permutation matrix
II. Let By, ..., By, be fixed positive definite matrices such that B; € RIVilxIil Set H; = SiBi_lsiT, where S; € R™*17il
is the column selector matrix associated to partition J;, and define L; = sup,cg» )\max(Bi_1/QSiTV2f(x)S¢Bi_1/2) for
VLi
=1 \/E )

i =1, ..., m. Furthermore, define p; =
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Algorithm 2 Accelerated randomized coordinate descent.
Require: p > 0, partition {J;},, positive definite { B; }™,, Lipschitz constants {L;}/" |, zo € R™.

1: Sett = %

2: Set H; = SiBi_lSiT fori =1,...,m. // S; denotes the column selector for partition J;.
3: Setp; = % fort=1,....m.

4: Set yo = z9 = 2.

5: fork=0,...,T —1do

6:  ig < random sample from {1, ..., m} with P(i;, = i) = p;.
7: Tht1 = H%yk + H%Zk

8 Ykl = Thy1 — ﬁ.kHika(kaH)-

9: Zk+1 = 2k + T(:Ck+1 — Zk) — ﬁszvf(xk%»l)
10: end for
11: Return yr.

A.4.1. Proof of convergence of a simplified accelerated coordinate descent method
Now consider the following accelerated randomized coordinate descent algorithm in Algorithm 2.

Theorem A.3.1 is readily applied to Algorithm 2 to give a convergence guarantee which matches the bound of Theorem 1
of Nesterov and Stich. We sketch the argument below.

Algorithm 2 instantiates (31) with the definitions above and particular choices I'y, = L;, and vy, = p;, . We will specify the
choice of 4 at a later point. To see that this setting is valid, we construct a discrete probability measure on S"*™ x Ry xRy
by setting w; = (H;, L;, p;) and P(w = w;) = p; fori = 1,...,m. Hence, in the context of Theorem A.3.1, G = E[%H} =
>, H; = blkdiag(By L By ! ...,B;1). We first verify the gradient inequality (33). For every fixed 2 € R™, for every
i =1, ..., m there exists a ¢; € R” such that

1

f(@(z5wi)) = f(z) - L%(Vf(x), HV f(0)) + 572

= flz) — I%(Vf(ﬂ?),Hin(m» + %

Vf(x) H;V? f(c;) H;V f ()

Vi(x)TS;B; 2B 2SIV f(e) S B B STV f(x)

< J(@) = 7 (VS (), HiV (@) + 57V 858105 (2)
— 1(@) = 5 IV @,

We next compute the v constant defined in (34). We do this by checking the sufficient condition that H;G —1H, < vH, for
1 =1, ...,m. Doing so yields that v = 1, since

H,G™'H; = S;B; 'S/ blkdiag(By, By, ..., Bn)S;B; 'S} = S;B;'B;B; 'S} = S;B;'S] = H; .

To complete the argument, we set p as the strong convexity constant and L as the Lipschitz gradient constant of f with
respect to the ||-|| -1 norm. It is straightforward to check that

p=inf Amax (GY2V2f(2)GY?) | L = sup Amax(GY2V2f(2)GY?).
x n rER™

We now argue that v/L < Yo VL. Let x € R™ achieve the supremum in the definition of L (if no such x exists, then
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let x be arbitrarily close and take limits). Then,

L = Amax (G2V2f(2)G?) = Anax (V2 (2))2G (V2 £ (2))1/?)
= Amax <<v2f<x))1/2 (Z S;B; ST ) <v2f<x)>1/2>

Amax (V2 £ ()28, B ST (V2 f(2))'/?)

INE
SNNGE

—~
o
=

N
Il
-

K2

=
*MS

&
Il
—
-
Il
_

Amax(B; 28TV f(2)8:B; ) < 3 L;

Above, (a) follows by the triangle inequality, (b) follows by the fact that SZ-T S; = I, and (c) follows since Ayax (S; M SZ-T )=

Amax (M) for any p x p symmetric matrix M. Using the fact that v/a + b < \/a + V/b for any non-negative a, b, the

inequality /L < >t v/L; immediately follows. To conclude the proof, it remains to calculate the requirement on 7 via
\/ﬁ

; Vi o _Pi 1 YL <
(35). Since ViV il Sroes we have that v f’ and hence the requirement is that 7 T

A.4.2. Relating Algorithm 2 to ACDM

For completeness, we replicate the description of the ACDM algorithm from Nesterov and Stich in Algorithm 3. We make
one minor tweak in the initialization of the Ay, By, sequence which greatly simplifies the exposition of what follows.

Algorithm 3 ACDM from Nesterov and Stich (Nesterov & Stich, 2016), « = 1,5 = 1/2 case.
Require: p > 0, partition {J; }[2,, positive definite {B;}1", Lipschitz constants {L;}7,, o € R".
1: Set H; = S, BilST fori=1,...,m.// S; denotes the column selector for partition J;.

Set p; = fori =1,.
P SR
Set Ag =1,By = /L // Modified from Ag=0,By=1.
Set 51/2 = Z’L:l \/ .
Set yo = 20 = xg.
fork=0,....,T —1do
i), < random sample from {1, ...,m} with P(ix, = i) = p;.
ar.1 < positive solution to aiHSf/z = (A + ag41)(Bg + pags1).
Aps1 = Ak + apt1, Brg1 = Br + pag41.

__ Gk41 Ak+1
(677 = Apg1? Bk M3k+1

_ (—ap)rptar(l— ﬂk)zk
Yr = 1- akﬁk

Tkl =Yk~ L~ H;, NV f(yr)-

2t = (1= Bi)zk + Brvk — gy g Hid VI (k).
. end for

15: Return z7.

RIS N AR R

_.
=4

—_
N =

_ =
s w

We first write the sequence produced by Algorithm 3 as
(1 — ap)zk + ar(l — Br)zk
1 — Bk ’
1
Tt = Yk = 7 Hi V() (43b)

1k

Yk = (43a)

a
2het — 7 = B <yk — 2= Bk;j:ﬁkHWf(yk)) - (430)
ik
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Since Bk Br+1 = pak+1, the zx41 update simplifies to

1
Zh+1 — 2k = Pk (yk — 2, — Hikvf(yk)> .
Hpi

1k

A simple calculation shows that

(1 —axfBr)ye = (1 — ag)ap + ar(l — Br)zk

from which we conclude that

a1l —
M(yk —2k) = Tk — Yk - 44)
—
Observe that
k+1 k+1

Akt :Zai+A0; Bt ZMZGH-BO-
i—1

i=1

Hence as long as 1Ay = By (which is satisfied by our modification), we have that Ay 1 = By for all £ > 0. With this
identity, we have that oy, = B for all £ > 0. Therefore, (44) simplifies to

Br(Yr — 2x) = Tk — Yk -
We now calculate the value of 5. At every iteration, we have that

Ak+1 _ 1
Bri1r /mSiye

1
aj 41572 = A1 Brgr = ;B;ﬁﬂ

By the definition of Gy,

B, = MakH _ VI _ Vi _
Byt Sy Y VL

Combining these identities, we have shown that (43a), (43b), and (43c) simplifies to

T.

- i T 4
Uk = TR T (45a)
1
Tht1 = Y — THikvf(yk) ; (45b)
ik
1
gl — 2 =T (yk -2k = —— Hika(yk)> . (45¢)
ik

This sequence directly coincides with the sequence generated by Algorithm 2 after a simple relabeling.

A.4.3. Accelerated Gauss-Seidel for fixed partitions from ACDM

We now describe Algorithm 4, which is the specialization of ACDM (Algorithm 3) to accelerated Gauss-Seidel in the fixed
partition setting.

As mentioned previously, we set the function f(z) = z" Az — 2"b. Given a partition {J:}7/P we let B; = STAS;,
where S; € R™*? is the column selector matrix associated to the partition .J;. With this setting, we have that L1 = Lo =
... = Ly, = 1, and hence we have p; = p/n for all i (i.e. the sampling distribution is uniform over all partitions). We
now need to compute the strong convexity constant p. With the simplifying assumption that the partitions are ordered, p
is simply the strong convexity constant with respect to the norm induced by the matrix blkdiag(By, Bs, ..., B, ;). Hence,
using the definition of fipar from (3), we have that u = %,upart. Algorithm 4 now follows from plugging our particular
choices of f and the constants into Algorithm 3.
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Algorithm 4 Accelerated randomized block Gauss-Seidel for fixed partitions (Nesterov & Stich, 2016).
Require: A ¢ R"*", A > 0,b € R", o € R", block size p, fipart defined in (3).

1: Set AO = O,BO =1.

2: Seto = %upart.

3. Set yg = 29 = 2.

4: fork=0,...., T —1do

5:  ig < uniform from {1,2,...,n/p}.

6: Sk <+ column selector associated with partition J;, .

7 agy1 < positive solution to ai+1(”/p)2 = (Ag + ag+1) (B + cag41).
8:  Agy1 = Ar + agy1, Bry1 = Br +oag1.

o o= S = o
100 yp = (1_%)?12(1%(:_[3")%.

11: Tht1 = Yk — Sk(Sl;rASk)ils];r(Ayk - b)

12: zgy1 = (1 — Br)zr + Bk — Zg’;i Sk(S,IASk)’lS,I(Ayk —b).
13: end for

14: Return x7.

A.5. A Result for Randomized Block Kaczmarz

We now use Theorem A.3.1 to derive a result similar to Theorem 3.5 for the randomized accelerated Kaczmarz algorithm.
In this setting, we let A € R™*" m > n be a matrix with full column rank, and b € R™ such that b € R(A). That is,
there exists a unique x, € R™ such that Az, = b. We note that this section generalizes the result of (Liu & Wright, 2016)
to the block case (although the proof strategy is quite different).

We first describe the randomized accelerated block Kaczmarz algorithm in Algorithm 5. Our main convergence result
concerning Algorithm 5 is presented in Theorem A.5.1.

Algorithm 5 Accelerated randomized block Kaczmarz.
Require: A € R™*" A full column rank, b € R(A), sketching matrices {Sk};‘::_ol CR™P x5 e R", ne (0,1),r>1.

1: SetT = +/u/v.

2. Set yg = 29 = xg.

3: fork=0,....,T —1do

4: Tyl = H_%yk + H%_Zk.

5: Ykt1l = Th41 — (SI;I—A)TS,I(Akarl — b).

6:  zpt1 =2k +7(Tp1 — 2zk) — ﬁ(S,IA)TS,I(Aka —b).
7: end for

8: Return yp.

Theorem A.5.1. (Theorem 3.7 restated.) Let A be an m X n matrix with full column rank, and b € R(A). Let z, € R"
denote the unique vector satisfying Ax, = b. Suppose each Sy, k = 0,1,2,... is an independent copy of a random
sketching matrix S € R™*P. Let 1 = Amin(E[Pats]). Suppose the distribution of S satisfies . > 0. Invoke Algorithm 5
with p and v, where v is defined as

V= Amax (E [(G_1/2HG_1/2)2D , G=E[H], H=Pyrg. (46)

Then for all k > 0 we have

k)2
Ellye —a.lel < V3 (1- /%) oozl )

Proof. The proof is very similar to that of Theorem 3.5, so we only sketch the main argument. The key idea is to use the
correspondence between randomized Kaczmarz and coordinate descent (see e.g. Section 5.2 of (Lee & Sidford, 2013)).
To do this, we apply Theorem A.3.1 to f(z) = 3|lz — @, /3. As in the proof of Theorem 3.5, we construct a probability
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measure on S"*" x R, x R, from the given random matrix H by considering the random variable (H, 1, 1). To see that
the sequence (31a), (31b), and (31c) induces the same update sequence as Algorithm 5, the crucial step is to notice that

HyV f(vg41) = Patg, Vf(zri1) = ATSk(SEAATS,) ST A(zhi1 — )
= ATSL(STAATS,) ST (Azpyy — b) = (SFA)TST (Azgy1 — D) .

Next, the fact that f is Apin (E[P4rg])-strongly convex and 1-Lipschitz with respect to the ||-||g-1 norm, where G =
E[P4rg], follows immediately by a nearly identical argument used in the proof of Theorem 3.5. It remains to check the
gradient inequality (33). Let # € R™ be fixed. Then using the fact that f is quadratic, for almost every w € (2,

f(@(z;w)) = f(z) = (Vf(x), H(z — z.)) + %HH(ﬂf —z)lI3

= (&) ~ (o~ a0, Pars(e — 22)) + 5| Pars(e — 2.3

1
= f(z) - §<x — Ty, Pyrs(@ — 24))
Hence the gradient inequality (33) holds with equality. O

A.5.1. Computing v and x in the setting of (Liu & Wright, 2016)

We first state a proposition which will be useful in our analysis of v.
Proposition A.5.2. Let My, ...M; C R" denote subspaces of R™ such that M + ... + My = R". Then we have

-1

Z Py, (Z PMi> Py, < Z Py, .
i=1 i1 i=1

Proof. We will prove that for every 1 <7 < s,

s -1
Py, (Z PM,i> P, < P, (48)
i=1
from which the claim immediately follows. By Schur complements, (48) holds iff
0« Py, Py, | Py, Pu + 0 0
h P, Zf:l Py, Puni; o P, 0 Zj‘;&i PMj

{1 1] % Py + [O 0 }

= M; s .

11 0o > i P

Since the eigenvalues of a Kronecker product are given by the Cartesian product of the individual eigenvalues, (48) holds.
O

Now we can estimate the v and 4 values. Let a; € R™ denote each row of A, with ||a;||2 = 1 forall ¢ = 1,...,m. In this
setting, H = P,, = a;a] with probability 1/m. Hence, G = E[H] = 31" 1 aia] = LATA, Furthermore

i=1m

E[HG'H] = Z aiaiTm(ATA)71aia,iTl

i=1

= Z aza] (ATA) Vaza)

(a) T

<Y aial =ATA=mG,
i=1

where (a) follows from Proposition A.5.2. Hence, v # m. On the other hand,

1
# = Amin(E[Pa7g]) = Anin(G) = EAmin(ATA) .
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A.6. Proofs for Random Coordinate Sampling (Section 3.3)

Our primary goal in this section is to provide a proof of Lemma 3.8. Along the way, we prove a few other results which
are of independent interest. We first provide a proof of the lower bound claim in Lemma 3.8.

Proposition A.6.1. Let A be an n X n matrix and let S € R™*? be a random matrix. Put G = E[P41/24] and suppose
that G is positive definite. Let v > 0 be any positive number such that

E[PAl/sz_1PA1/2s] '\< VG, G = E[PAl/zs] . (49)

Thenv > n/p.

Proof. Since trace commutes with expectation and respects the positive semi-definite ordering, taking trace of both sides
of (49) yields that

n=Tr(GG™') = Tr(E[Pi/2G™"]) = E[Tr(Pa1/25G )] = E[Tr(Py1/26G Pyijag)]

(49)
= Tr(E[Py1/26G *Pyiseg]) < VTIr(E[Py125])
= VE[Tr(Py1/25)] = vE[rank(AY/28)] < vp.

O
Next, the upper bound relies on the following lemma, which generalizes Lemma 2 of (Qu et al., 2016).
Lemma A.6.2. Let M be a random matrix. We have that
E[Py) = E[M)(E[M"M])'E[MT]. (50)

Proof. Our proof follows the strategy in the proof of Theorem 3.2 from (Zhang, 2005). First, write Ps = B(BTB)'BT.
Since R(BT) = R(BTB), we have by generalized Schur complements (see e.g. Theorem 1.20 from (Zhang, 2005)) and
the fact that expectation preserves the semi-definite order,

BB BT _,_. [EB"B] EBT]_,
B Pg|” E[B] E[Pg]| 7

To finish the proof, we need to argue that R(E[B']) C R(E[BTB]), which would allow us to apply the generalized

Schur complement again to the right hand side. Fix a z € R(E[BT]); we can write z = E[BT]y for some y. Now let

q € Kern(E[BTB]). We have that E[BT B]q = 0, which implies 0 = q"E[BT B]q = E|||Bq||3]. Therefore, Bq = 0 a.s.

But this means that 2Tq = E[y" Bq] = 0. Hence, z € Kern(E[B'B])* = R(E[BTB]). Now applying the generalized
Schur complement one more time yields the claim. O

We are now in a position to prove the upper bound of Lemma 3.8. We apply Lemma A.6.2 to M = AY/2S5STA'Y2 to
conclude, using the fact that R(M) = R(M M), that

E[Pyi/25] = E[Pai/2557 a1/2] = E[AY2SST AY2|(E[AY25ST ASST AY2))TE[A/28ST AV?] (51)

Elementary calculations now yield that for any fixed symmetric matrix A € R"*",

E[sST] =21, E[ssTAssT) =2 (p Ly (1 bz i) diag(A)) . (52)

n n\n—1 n—

Hence plugging (52) into (51),

p(p—1 p—1 —1/2 3 -1/2 -
E[Pjij2g) = = | ——=1 1-——1]4 A)A .
Pavas] = 2 (22714 (1 227 ) A 2ding() (53)

We note that the lower bound (5) for panq presented in Section 2 follows immediately from (53).
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We next manipulate (13) in order to use (53). Recall that G = E[H] and H = S(STAS)'ST. From (41), we have
Amax (E[(GT2HGT22]) <v e E[HGT H] <0G
Next, a simple computation yields
E[HG 'H] =E[S(STAS) 'STG™1S(STAS)'ST] = A Y2E[Py1/25(E[Pyij2g]) " Paijag] A2
Again, since conjugation by A'/? preserves semi-definite ordering, we have that
E[HG™'H] S vG <= E[Pp1/25(E[Pp1/25]) " Parj2g] < VE[Pyu/2g] -

Using the fact that for positive definite matrices X,Y we have X < Y iff Y ~! < X!, (53) is equivalent to

1 n(p—1 p—1 1/2 10 1/2
E[P41/2 < — I+ | — — )
( [ Al/ S]) - (n 1 ( >A dlag(A)A

Conjugating both sides by P41/2 5 and taking expectations,

—1 —1
fL_ TE[Parsas] + (1 — p1> ]E[PAWSA_l/Qdiag(A)A_1/2PA1/25]) .

(54)

_ n
E[Py1/25(E[Py1/25]) " Pa1/2g] 2 » (

Next, letting J C 2[7] denote the index set associated to S , for every S we have

Pyijpg A 2diag(A) A2 Py g
_ A1/25(STAS)*1STA1/2A’1/2diag(A)A*1/2A1/2S(STAS)*1STA1/2
= AV2S(STAS)™1/2(STAS)™V/?(S  diag(A)S)(STAS) /2 (STAS)~1/28T AV/?
< Amax((STdiag(A)8)(STAS) 1) AV25(STAS) 18T A1/

max;c s A

< max  Ke,g(A)Pai/2g -
Je2lnl:|J|=p

A

PA1/2S

Plugging this calculation back into (54) yields the desired upper bound of Lemma 3.8.

A.7. More Experiments
A.7.1. Kernel ridge regression on smaller datasets

In addition to using the large CIFAR-10 augmented dataset, we also tested our algorithms on the smaller MNIST? dataset.
To generate a kernel matrix, we applied the Gaussian kernel on the raw MNIST pixels to generate a matrix /X with
n = 60000 rows and columns.

Results from running 500 iterations of random coordinate sampling and fixed partitioning algorithms are shown in Figure 5.
We plot the convergence rates both across time and across iterations. Comparing convergence across iterations we see that
random coordinate sampling is essential to achieve errors of 10~* or lower. In terms of running time, similar to the
CIFAR-10 experiment, we see that the benefits in fixed partitioning of accessing coordinates faster comes at a cost in terms
of convergence rate, especially to achieve errors of 10~ or lower.

A.7.2. Computing the 1 and v constants

In our last experiment, we explicitly compute the 1 and v constants from Theorem 3.5 for a few 16 x 16 positive definite
matrices constructed as follows.

Zhttp://yann.lecun.com/exdb/mnist/
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Figure 5. Experiments comparing fixed partitions versus uniform random sampling for MNIST while running kernel ridge regression.
MNIST has n = 60000 coordinates and we set block size to p = 4000.
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Figure 6. Comparison of the computed v constant (solid lines) and v bound from Theorem 3.5 (dotted lines) on random matrices with
linearly spaced eigenvalues and random Wishart matrices.

Linearly spaced eigenvalues. We first draw () uniformly at random from n X n orthogonal matrices. We then construct
A; = Q%;QT fori = 1,2,3, where £, is diag (linspace (1, 10, 16)), ¥sis diag(linspace (1, 100,
16)),and X3isdiag(linspace (1, 1000, 16)).

Random Wishart. We first draw B; with iid N (0, 1) entries, where B; € R™*16 with m; = 18, my = 20, and m3 = 22.
We then set A; = B B;.

Sobolev kernel. We form the matrix A;; = min(¢, j) with 1 < ¢, j < n. This corresponds to the gram matrix for the set
of points 1, ..., z,, € R with ; = i under the Sobolev kernel min(z, y).

Circulant matrix. We let A be a 16 x 16 instance of the family of circulant matrices 4,, = F,diag(c,)F; where F,
is the n x n unitary DFT matrix and ¢, = (1,1/2,...,1/(n/2 + 1),...,1/2,1). By construction this yields a real valued
circulant matrix which is positive definite.

Tridiagonal matrix. We let A be a tridiagonal matrix with the diagonal value equal to one, and the off diagonal value
equal to (6 — a)/(2cos(mn/(n + 1))) for § = 1/10. The matrix has a minimum eigenvalue of ¢.

Figure 6 shows the results of our computation for the linearly spaced eigenvalues ensemble, the random Wishart ensemble
and the other deterministic structured matrices. Alongside with the actual v values, we plot the bound given for each
instance by Lemma 3.8. From the figures we see that our bound is quite close to the computed value of v for circulant
matrices and for random matrices with linearly spaced eigenvalues with small x. We plan to extend our analysis to derive
a tighter bound in the future.
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